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2.1 INTRODUCTION

The compositional diversity of melts that reach the surface of the Earth, and diversity in eruptive style, are largely determined through processing of these melts as they ascend and sometimes stall in the crustal column. Most eruptive products and intrusive suites have been modified substantially from their progenitor mantle magmas, either through preferential removal of crystal phases during fractionation, assimilation of crustal melts, or a combination of these processes [Anderson, 1976; Daly, 1914; DePaolo, et al., 1992; Feeley, et al., 2002; Hildreth and Moorbath, 1988; Wyllie, 1977]. Much of the evolution of these magmas likely occurs where they spend the most amount of time:, where magma has either permanently or temporarily stalled in magma chambers. Magma chambers act as magmatic capacitors, storing and prolonging the residence time of melts in the crust. This accumulation is fundamental to the genesis of large eruptions, as the background flux from the mantle cannot explain the , at times, voluminous outbursts of magma at the surface of the Earth. The dynamics of magma chambers Magma chamber dynamics largely controls the compositional evolution of these magmas, and ultimately a better understanding of magma chambers may provide clues to the triggering of eruptions. In this chapter we consider the conditions for the formation and evolution of magma chambers from thermal, solid stress, and fluid mechanics perspectives. 

MWhile magma chambers are commonlyoften envisaged as existing as high melt fraction bodies of melt (> 40% melt), however, thermal and dynamic arguments often favor these intrusive bodies existing at lower melt fraction for considerable proportionsfractions of their histories [Marsh, 1981]. While certainly we know that some very Llarge, high melt fraction chambers have existed at least transiently in the crust as evidenced bydue to the presence of voluminous ignimbrite sheets and corresponding caldera collapse structures [Druitt and Francavigilia, 1992; Spera and Crisp, 1981]. However,, buffering by latent heat release and diminishing thermal gradients during cooling of a magma intrusion will on average predict implies longer periods of time at low melt fraction.  In the following chapter we will adopt the definition of a magma chamber as a spatially connected body of magma in a suprasolidus state, and will use this term generically regardless if the chamber is composed mostly of melt, or is in a crystal-rich mush.

Speculation on chamber processes dates to the recognition of some intrusive suites as being of fluidal, magmatic origin [Hutton, 1788]. Consideration of the dynamics of convection in magma chambers dates back tountil at least the late 19th century [Grout, 1918]. Modern, rock-record based investigations of chamber dynamics are largely based on two parallel sets of data: tThe examination of exhumed plutonic rocks and the examination of eruptive products [Bachmann, et al., 2007a]. Both analyses have been useful in delineating aspects of chamber processes, although they provide very different types of data. The plutonic realm provides a time-integrated view of magmatic processes, although this record is unlikely tobut reflects different parts of the temporal record with unequal fidelity. Eruptive products tend to give what is to provide closer to an instantaneous snapshot of the compositional field of a chamber at the time of the eruptiona point in time. However, some time-integrative information still exists in the form of phenocrysts that have crystallized and have been advected with the magma [Wallace and Bergantz, 2005]. Interpretation of the compositional field from eruptive products can be somewhat confounded by complex dynamics in the eruption and emplacement process. The very fact that the magmas are eruptible, at relatively low crystallinity, may suggest that this state is not necessarily representative of a large portion of the magmatic history [Marsh, 1981]. 

While many difficulties exist in interpreting both the plutonic and volcanic record to infer dynamics, geochemical tracers have been and will continue to be some of among our best sources for information about the dynamics of these systems as shown in these recent reviews and references therein [Bachmann, et al., 2007a; Marsh, 1989; Wyllie, 1977]. Importantly, diffusion-based chronometers and radioactive decay-based chronometers indicate that phenocrysts in magmatic systems can grow over a range of timescales and can exhibit prolonged histories at suprasolidus temperatures in the crust, sometimes in excess of hundreds of ka 100s of kyr [Costa, et al., 2003; Reid, 2008; Simon and Reid, 2005; Vazquez, 2004]. The decay of uranium series nuclides has also shown that different crystal population can have different residence times in magma chambers, can indicate mixing of complex populations from in-situ crystallization and assimilation from older wall rock [Cooper and Reid, 2003], as well as and can indicate much shorter bursts of volatile exsolution and gas transport [Berlo, et al., 2006].

However, these measurements of magmatic residence times do not give precise information about the spatial and temporal variability in melt fraction or the dynamics of these systems. Real time geophysical observations, though still sparse, are beginning to provide important snapshots of the crust and short- duration magmatic system evolution. These investigations primarily are primarily conducted by observing how seismic waves interact with the crust and by observing the deformation of the ground due to the changes in magmatic systems (geodesy). G; although gravity and changes in the conductivity have also proven to be useful tools to describe magmatic systems in certain localities [Ajakaiye, 1970; Gudmundsson and Hognadottir, 2007; Manzella, et al., 2000]. 

Seismic tomographic inversion has identifiedestablished low velocity regions beneath volcanic edifices that may correspond to a combination of regions of partial melt and elevated temperatures. Nevertheless, the elastic properties of rock material, as shown by laboratory measurements, depend on several other variables such as temperature, pressure, rock type and the presence of hydrothermal fluids. The non-unique interpretations for spatial variation of seismic velocities makes it generally difficult to attribute those effects solely toon the presence of melt, and requires a good a priori knowledge of the geology of the region under investigation making to make accurate estimatesions of melt fraction difficult [Lees, 2007]. Additionally, the problem of resolution due to both ray coverage and the large-scale filtering of fine structures by seismic wavelengths generally on the order of a few hundred meters to kilometers introduces an important blurring ofn the geometry and size of the magma body. Seismic reflection provides another alternative [. For example,and Zollo et al. [2008]. recently estimated that a sill reflector with melt fraction of about 80 % by volume may be present at 7.5 km depth beneath Campi Flegrei caldera. 
Numerous studies have also highlighted the presence of active magma chambers at mid-ocean spreading centers [Collier and Sinha, 1990; Detrick, et al., 1987; Singh, et al., 1998] .

The measurement of ground deformation in volcanic areas provides another observational indication of the presence of magma chambers. Geodetic studies fit time-series of ground deformation to models, which then are used to back out processes, stresses, and volumes of intruded magma. Data are collected primarily by GPS units deployed on the edifice [Segall and Davis, 1997], or by Interferometric Synthetic Aperture Radar (InSAR) [Poland, et al., 2006].  Although sensitive to rheological variations, including those induced by different melt fractions, ground deformation is primarily used to indicate changes in volume of magma chambers due to either inflation or deflation of a chamber as a result of magmatic flux. First definitively observed by Massonnet et. al. [1995] at Mt. Etna, Italy, magma chamber inflation has since been observed at many active volcanoes worldwide, including Long Valley, Yellowstone, South Sister volcano and Socorro, USA, Galapagos Islands, Reunion Island, and the central Andes [Dzurisin, 2000; Fialko, et al., 2001; Newman, et al., 2001; Thatcher and Massonnet, 1997]. Despite difficulties in gathering and interpreting this data, a growing database of geodetic observations and increasing sophistication of inversion methods provide unique insight into active magma chamber dynamics.

Diverse observations, from geochemically inferred residence times to remote imaging methods, show that subsurface magmatic systems are active on a variety of time and length scales. However, our lack of direct observation of these systems has limited our ability to understand how they evolve dynamically in time. Therefore, mathematical, experimental, and computational models are widely used to integrate and explain some of the disparate observations and provide a framework that can help guide future observations of magma chambers.  Modeling also helps us to understand these bodies in the broader context of crustal evolution and volcano-pluton connections.  In section 2 weSection 2.2 discusses the thermal evolution of the crust in magmatically active regions and its relationship to the evolution of chambers and geochemical observations of chamber residence times. Section 2.3 examines the relationship between magma chambers and crustal stress fields, and how this relates to geodetic observations. Section 2.4 describes magma motion inside magma chambers, and describes the multiphase interactions between melt and discrete phases (such as crystals and bubbles). Section 2.5 is devoted to a discussion of future directions in the physical examination of magma chambers.











2.2 HEAT TRANSFER AND MAGMATIC INTRUSIONS

The magmas that accumulate in crustal magma chambers are either generated by mantle melting and arewith subsequent crustally transported into the crust, or are a result of crustal- level melting due to anomalous thermal conditions. Over-thickening of the crust in orogenic zones can produce crustal melting [Patiño-Douce and Harris, 1998], and While many crustal melts are thought to be generated in proximity to intrusions that have transported additional heated into the crust, mostly of mantle originsurrounding rocks [Bergantz, 1995], or result from over-thickening of the crust in orogenic zones [Patiño-Douce and Harris, 1998],. Ultimately the advection of mass and heat enthalpy from the mantle ultimately drives crustal-level magmatism in most volcanically active areas.

After accumulation, the long-term viability of magma chambers in the crust is critically dependent on the surrounding thermal environment, and the thermodynamic as well as rheological properties of the melt and country rock [Karlstrom, et al., In Review2010; Newman, et al., 2006a]. Relatively cold country -rock will drive large thermal gradients between the magma body and its margins, limit the time a body of magma remains melt-dominated and also inhibit the partial melting and assimilation of wall rock material. Likewise, hydrothermal circulation can transporttransports thermal energy away from the immediate vicinity of an intrusion, leading to more rapid enhanced solidification in the shallow crust. In contrast, all else being equal, intrusions deeper in the crust have the potential for longer residence times and greater potential for assimilation of the crust, given that as the solidus for many mineral assemblages (and particularly hydrous minerals) begins to approach will be close to steady-state geotherms (Figure 1). Enthalpy excursions due to emplaced magmas emplaced from the mantle can then more readily melt the lower crust than in most upper crustal settings, although prolonged heating by successive intrusions at all depths has important implications for the stability of magma chambers, as well as the dynamic evolution of the crust [Dufek and Bergantz, 2005a; Karlstrom, et al., 2010]In Review] CH Chris Huber  Out now .

The background thermal condition of the crust in the absence of magmatic intrusions is largely determined by conductive transfer of heat from depth and heating due to the decay of radiogenic nuclides, although modulated by shallow hydrothermal circulation can contribute to the heat transfer. Most radiogenic nuclides (for instance, uranium, thorium and potassium) are much more compatible in silicate melts relative to solid phases and hence tend to accumulate in the more silicic, upper crust that has grown by either multiple fractionation or melting events [Blundy and Wood, 2003; Rudnick, et al., 1998]. Because of this, it is commonlyoften assumed that radiogenic heat- producing elements can be described by an exponential declining concentration relationship in the crust [Chapman, 1986; Chapman and Furlong, 1992]. While in detail Although an exponential decline in radioactive nuclide concentration with depth is almost certainly not correct in detail, this profileit does result in the linear decay of heat flow in the crust as is observed in many locations [Turcotte and Schubert, 1982]. 

Using the approach of Chapman and Furlong [1992] two different steady-state geotherms have been plotted in Fig.ure 2.1 along with an idealized, linearization of the solidus of amphibolites constructed from a number of petrologic experiments [Patiño-Douce and Beard, 1995; Rapp and Watson, 1995; Rushmer, 1991; Wolf and Wyllie, 1994] and an anhydrous solidus curve for basaltic melt produced from the melting of the primitive upper mantle [Green, 1973].  The geotherms plotted assume 0.94 W/m-33 heat source production due to radioactive nuclides at the surface, with an exponential decrease in magnitude with a characteristic length-scale of 15 km. Two geotherms are plotted, one with a surface heat flux of 68 mW/m-23, which is approximately equal to average heat flow in the Cascade arc [Touloukian, et al., 1981], and one with a heat flow of 41 mW/m-23, or approximately equal to average heat flow from continental crust [Rudnick, et al., 1998]. For mafic, and especially hydrous mineral assemblages, Llocations of thickened, mature crust offer the greatest propensity for melting.
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Figure 1: Steady-state geotherms and the solidus of amphibolites and basalts. Two geotherms are plotted for surface heat flows of 68 mW/m2 and 41 mW/m2. Amphibolite solidus is parameterized from the experiments of [Patiño-Douce and Beard, 1994; Rapp, 1995; Rapp and Watson, 1995; Rushmer, 1991; Wolf and Wyllie, 1994] and anhydrous basalt solidus is parameterized from anhydrous experiments [Green, 1973].

The motion of fluid in the crust can alter the heat flow around intrusions and can be important for the transport of and accumulation of fluid compatible elements, many of which are of economic importance [Geiger, et al., 2002]. The amount of heat that can be transported away from an intrusion due to fluid circulation is ultimately linked to the mass flux of fluid controlled by the permeability of the surrounding crust. Based on geothermal and fluid flux data Ingebritsen and Manning [1999] estimated that permeability in average continental crust follows an exponential relationship with depth:
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 is the permeability and z is in kilometers. At increasing depth permeability, and the ability of fluids to convey heat, diminishes. (Mathematical symbols and dimensionless numbers are included in Table 2 and Table 3 at the end of this chapter.) While the permeability structure of a particular region of the crust will depend on the details of the tectonic environment and the lithology of the crust, this general relationship appears to fit a wide variety of data [Manning and Ingebritsen, 1999].  Meteoric fluid circulation below a brittle-ductile transition may also be inhibited due to insufficient fluid pressures, while the fluid flux near magmatic intrusions likely adjusts in response to changing pressures and permeability structures, with an early fluid expulsion phases as the crust is heating followed by greater circulation during cooling [Haybo and Ingebritsen, 1997].  Due to both the decreasing permeability with depth along with insufficient driving pressures, significant hydrothermal circulation modified intrusion cooling is likely restricted to the upper 10 kilometers of crust [Haybo and Ingebritsen, 1997].  

To gain a conceptual understanding offor the residence times of magma bodies emplaced at different depthslocations in the crust we consider a series of two-dimensional ‘square’ bodies of basaltic magma, all of which have a diameter length of 2 km intruded at different levels in the crust. We will first consider only conductive transfer of heat from the magmatic system to the surrounding country rock and in section 2.4 will revisit the internal convection inside the chamber. However, we note that the broad scale heat budget, especially in the country rock, is relatively insensitive to the convective chamber motion (although certainly the compositional heterogeneity and internal melt fraction will be very sensitive to convection). The thermal co-evolution of the magma body and surrounding rock provides the boundary conditions for the heat budget, and in this sense is a fully coupled problem. For example, a sSpecified, constant temperature boundary conditions at the margins of a magma chamber s that persist through time, for example, can generate unphysical amounts of crustal melt. 

More precisely, Tthe thermal interface between the magma and wall rock can be described as [Carrigan, 1988]:
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is the temperature at the boundary, file_4.bin

is the temperature of the thermally unperturbed wall rock some distance from the chamber, k is the thermal conductivity of the magma (WK-1m-1), and h a heat transfer coefficient (WK-1). This boundary condition relation can be made dimensionless by introducing file_5.bin

, where file_6.bin

is the thickness of the boundary layer inside the chamber where convective motion ceases, and by setting file_7.bin

. This then results in the equation,
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The dimensionless term, the Biot number (Bi), gives the ratio of thermal resistance of a magma chamber to the thermal resistance of the surrounding rock
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For large Biot numbers, the surrounding solid medium has little thermal resistance compared to the magma chamber and the rate limiting stage for heat loss in the far field will be chamber convection. In contrast, small Biot numbers indicate that heat transfer is limited by the thermal resistance of the wall rock. Most estimates of magma chamber conditions indicate Bi << 1, indicating that heat transfer is limited by the thermal resistance of the wall rock, even in the presence of hydrothermal circulation [Carrigan, 1988]. Described as the “thermos- bottle effect”, the amount of heat lost into the wall rock is limited by the more insuolating wall rock. Accordingly, we focus first on conduction of heat into the wall rock and the limitations this places on the thermal evolution of the magma chamberin the wall-rock regime.

The generalized equation for enthalpy evolution takes the form
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where the enthalpy (HT) is composed of a sensible (heat that results in a temperature change) and latent heat component:
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is the magma density (kg m-3), cp is the magma specific heat capacity (J kg-1 K-1), L is the latent heat (J kg-1), f is the melt fraction (volumetric), and file_13.bin

 is the velocity vector. For the case of constant heat capacity and conductivity, normalizing density by a reference density (file_14.bin

), characteristic length scale (file_15.bin

), velocity (file_16.bin

), and temperature (file_17.bin

), the heat conservation can be recast in dimensionless form to give: 
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(67) LU Leif karlstrom User  Is this redundant with Eqns in the convection section? 



whHere file_18.bin

is the dimensionless rate of production of melt is given by:
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Two dimensionless parameters are introduced in this formulation, the Stefan number and the Peclet number. The Stefan number (Ste) is a ratio of the sensible heat to the latent heat contributions in the flow,.  Here given as
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The Peclet number (Pe) is defined as the ratio of advectiveon to diffusive heat transport.
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Note that the density, conductivity and densityheat capacity  form a thermal diffusivity (Appendix A). Table 3 includes a summary of dimensionless numbers typically used in magma dynamics. In the case of heat transport in the crust, the Peclet number is small and we can neglect the advective term (left side ofin equation 6(7). Also in the absence of solidification or melting (e.g. phase changes) when there is no phase change occurring the latent heat term in equation (67) equals zero.

The melt fraction, f, needs to be specified as a function of temperature in order to solve equation (67). The functional form of the melt fraction to temperature f-T relationship depends on the mineral phases that either melt or crystallize as the melting or solidification reaction proceeds. This in turn depends on the intensive thermodynamic variables and the composition in question. Ultimately, information to develop these critical relationships comes from numerous experiments. Two approaches have largely been used to construct these closure relationships: simplified parameterizations of experiments for specific melting/solidification relationships, or the development of self-consistent thermodynamic models that incorporate experimental results. This latter method provides more accurate interpolation and extrapolation of existing experiments for a more general composition and specified thermodynamic variables; the widely used MELTS thermodynamic software is an example of the second approach [Ghiorso and Sack, 1995]. The use of melt fraction relationships washas been reviewed in Bergantz [1990 LU Leif karlstrom User  This is old now ][Bergantz, 1990] and many melting scenarios and lithologies are considered in thermal modeling of magma intrusions (see Table 1). 

Here, we make the simplest possible assumption - a linear relationship between melt fraction and temperature between the liquidus and solidus temperatures. This assumption can be also be cast as a modified thermal diffusivity when there is melt is present, 
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wWhere file_23.bin

is the liquidus and file_24.bin

is the solidus. In this formulation, one-dimensional analytical solutions can be found for simple initial conditions. When the melt fraction has a non-linear relationship with temperatureis non-linear, representing more realistic melting reactions, the solution to the thermal problem usually requires iterative numerical solution procedures [Prakash, 1990; Voller, 1985; Voller and Cross, 1993; Voller and Swaminathan, 1991]. Examples for more realistic melt fraction parameterizations and calculations using MELTS   are shown in Figure 8 [Ghiorso and Sack, 1995]. The linear relationship, however, does demonstrate several key points. For illustrative purposes we assume that the intruding magma is anhydrous basalt, and the surrounding crust is also basaltic, and we also use the thermal conditions in Figure 1 for the 68 mW/m2 surface heat flux (Fig. 2.1) . The individual 2 km square intrusions are emplaced instantaneously at 10 km, 20  km and 30 km depth. These intrusions are emplaced en masse, and instantaneously..
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Figure 2. En masse intrusion of basalt into the crust. Three 2 km x 2 km intrusions are introduced into a crust with a surface heat flow of 68 mW/m2 as described in Figure 1, at depths of three different depths, 10 km, 20 km and 30 km.  The solid lines, labeled with the depths show the average melt fraction (by volume) relative to the initially intruded volume. These lines represent the cooling and fractionating melt volumes through time. The dotted lines represent the equivalent country rock melt volumes relative to the initial intrusion volume. 

Figure 2 shows that deep intrusions persist longer with greater melt fraction. The same is true of the relative amount of crustal melt, with a greater fraction produced at depth. However, when the crust is composed of the same material as the intruding magma, as in this example, very little crustal melting can be expected. Iand in all scenarios considered the crustal melt component never exceeded ~5 %  of the intruded volume at any point in time. More silicic and hydrous crustal compositions with a lower solidius are more prone to crustal melting, although typically large amounts of enthalpy typically have to be supplied to explain pervasive melting scenarios. 

In reality, it is unlikely that large magma chambers are emplaced en masse, and are more likely the result of the gradual assembly offrom multiple intrusions [Bergantz, 1995; Coleman, et al., 2004]. In most magmatically active environments, evidence exists for multiple intrusive episodes overlapping in space and time [Hopson and Mattinson, 1994]. Three scales of dike-crust interaction are shown in figure 2.3, illustrating the integrated expression of multiple intrusion events at the Black Canyon of the Gunnison in Colorado, USA and in the Grand Canyon, Arizona, USA. In such a settings, sequential intrusions can generate a thermal anomaly, and allow bodies of magma to reside at higher melt fraction for longer periods of time than in en masse scenarios [Petford and Gallagher, 2001]. The flux of magma in such a settings becomes an important parameter. 
Flux estimates are often made by inferring the change in the crustal thickness through time. For example, Dimalanta et al. [2002] used the thickness of island arcs and the initiation age of subduction to form an estimate of flux. Other estimates have determined the amount crustal contamination in erupted magmas and determined the volume of primary magma necessary to melt the crust to satisfy mxing relationships [e.g. Grunder, 1995]. High resolution flux estimates of basaltic magma intruding the crust have proved difficult to obtain, and usually have a bias towards underestimating the total flux of magma as they typically do not consider lower crustal flow, erosion of the crust (and thereby inferring smaller volumes) or assume very efficient thermal scenarios when calculating the amount of crustal contamination [Dufek and Bergantz, 2005a; Jicha, et al., 2006]. The mean flux of mantle magmas estimated to intrude the crust in arc settings is typically in the range of 10-4 to m3/m2yr to 10-2 m yr-13/m2 yr [Crisp, 1984; Dimalanta, et al., 2002; Grunder, 1995; Jicha, et al., 2006], although certainly excursions from the background average are possible [de Silva and Gosnold, 2007]. In contrast, decompression melting in mantle plume heads may be several orders of magnitude higher, in the range of 10-1 m3/m2yr to 101 m yr-13/m2 yr [Farnetani and Richards, 1994], providing an upper bound to the range of expected melt production rates.
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Figure 3. Three scales of melt-crust interaction. (a)Panel A. Dike network of 1.43 Ga Vernal Mesa
pegmatite cross cutting 1.73 Ga gneisses on the 670-m-high Painted Wall, Black Canyon of the Gunnison, Colorado. Dikes were emplaced at about 10 km depths in tensional opening during dextral/ oblique shear on the Black Canyon shear zone [Jessup, et al., 2006]; photo courtesy of Leif Karlstrom. (b)Panel B. Orthogonal dike network of ~ca. 1.69 Ga granite and pegmatite cross cutting 1.73 Ga granodiorite within Tuna Canyon, tributary to Upper Granite Gorge of Grand Canyon (River Mile 99). Dike networks in Grand Canyon reflect late-syntectonic granite dike swarms emplaced at about 20 km depths [Dumond, et al., 2007] during late stages of accretionary assembly of southwestern North American lithosphere (note persongeologist for scale) [Ilg, et al., 1996]; photograph courtesy of Laurie Crossey. (c)Panel C. Four generations of ~ca. 1.69 Ga granite dikes in Spaghetti Canyon of Lower Granite Gorge of Grand Canyon (River Mile 235), note pen for scale. Earlier dikes underwent ductile deformation before later dikes were emplaced suggesting an interplay of diking and ductile flow at middle crustal depths [Karlstrom and Williams, 2006]; photograph courtesy of Laurie Crossey.


2.1 Multiple Intrusions and Crustal Melting Efficiency

One of the more interesting questions regarding the growth of continental crust is to what extent do the contents of magma chambers represent fractionated melts extracted from the mantle or melts of preexisting crust. Melting of the crust, and subsequent segregation and advection of this melt, can change the density structure of the crust, but does not, in itself, cause growth of the crust. Injection of mantle melts, and fractionation to form low density melts and then rocks, however, can contribute mass to the crust over time [Grunder, et al., 2006]. The fractionation versus crustal melt question bears upon how quickly, if at all, the crust is growing. As shown in  Fig. 2.2the earlier example, during single intrusion scenarios and when the intruding magma has the same composition as the country rock, little crustal melting can be expected. However, real melting scenarios can have very different lithologies and be composed of multiple intrusive events. 

Regions of strong isotopic contrast, such as old -continental crust, can sometimes provide a clear indication of crustal melting. However, mafic portions of the crust, especially the lower crust, can have little isotopic contrast relative to mantle melts, and major- and trace- element consideration of the magmas can lead to ambiguous interpretations of whether a magma is primarily of mantle or crustal origin [Hart, et al., 2002].  Also, cryptic assimilation, or assimilation of crystal phases without completely melting them, can modify whole rock isotopic values and generate mixed signatures even when the full crustal melting reaction has not proceeded to high melt fraction [Beard, et al., 2005; Wolff, et al., 2002]. A compleimentary tool to geochemical investigation of fractionation and melting are thermal calculations, such as the example presented in fig 2.2ure 2. Many different thermal models have been considered for various melting scenarios including analytical solutions applied to simplified scenarios, parametric and numerical convection simulations, and numerical conduction simulations [Annen and Sparks, 2002; Barboza and Bergantz, 1996; Bergantz, 1989; Bittner and Schmeling, 1995; Dufek and Bergantz, 2005a; Huppert and Sparks, 1988; Pedersen, et al., 1998; Petford and Gallagher, 2001; Raia and Spera, 1997; Wells, 1980; Younker and Vogel, 1976]. One way that these models can be compared is in their relative efficiency in melting the crust. An enthalpy balance of a volume of basalt (Vb) intruded at its liquidus (file_29.bin

) and cooling to a temperature T gives,
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Here the b and c superscripts refer to basalt and crust, respectively, and the subscript S refers to the solidus, L the liquidus, and TR is the initial rock temperature.  [[Insert definition of Vcrust eff here]] We consider this volume to be the perfectly efficient end-member, as all the energy from the basaltic intrusion has gone into only heating a portion of crust that becomes molten. In other words, energy is not ‘wasted’ by heating parts of the crust that will never become molten. Conductive heat transfer is less efficient than this end-member as energy will diffuse over large areas, and eventually radiate from the surface of the Earth. Only a small fraction of the regionarea that experiences temperature increases will reach the crustal solidus. Using the published results for melt intruded, thermodynamic variables and melt fraction relationships, we can compare the amount of crustal melt produced in these models (file_31.bin

 ) with the completely efficient end-member in equation (12)
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A 100% percent efficient scenario would convert all the enthalpy from an intrusion into melting the crust. A compilation of several model results is shownincluded in Table 1 adapted and updated from Dufek and Bergantz (2005).


 TABLE 1


An almost universal conclusion from thermal models, especially those considering multidimensional thermal diffusion, is that injection of mantle melts in the crust, even under optimal conditions, is a relatively inefficient method of melting the crustprocess. Although there are obvious differences depending on the intruding magma and lithologies considered, most are only around 10% - 40% efficient. This meansrequires that even in relatively fertile, hydrous lithologies, large volumes of intruded mantle basalts are often required to produce voluminous crustal melts. Making the space required for intrusion has long been recognized as a constraint on magma system growth, especially where extensive fractionation is required, and is sometimes termed the ‘room problem’. While crustal melting has been invoked as a mechanism to alleviate the room problem and explain the absence of observed fractionate residuaum, it can often be as inefficient, and sometimes more inefficient at producing silicic melts as is fractionation. (Fractionation of a basalt to high silicate rhyolite also requires approximately ~90% removal of crystals [Grout, 1926; Winter, 2001].)

The crustal lithology, thickness, melt flux and evolving thermal anomaly will all play a role in the synoptic view of crustal melting and fractionated mantle melts. When considering the random intrusion of mafic melts in arc crustal conditions, Dufek and Bergantz [2005] found that, in general, thin, immature arc crust resulted in relatively little crustal melting, and a random sampling of melt from anywhere in the crustal column is likely to only result in less than< 10% crustal melt by volume. TIn thick and mature crust, after several million years of intrusion for typical arc fluxes, results in greater crustal melting:; with a crust of ~50 km and fertile amphibolite lower crustal lithology, they found a random sampling could result in roughly equal probabilities of intersecting crustal melts or fractionated mantle melts. However, our view of eruptive products and exposed plutons may not always capture an unbiased mix due to density sorting of melts.

Due to the relative inefficiency of fractionation and of crustal melting to produce silicic melts (the former requires large volumes of basalt as a direct mass source and the latter requires large volumes to account for the required enthalpy source), the accommodation mechanism and tectonic regime of the crust areis also likely an important parameter factors in the production of evolved melts in the crust. The thermal and mass requirements for magma chamber development and preservation are inextricably linked to the tectonic and chamber-induced stress regimes that permit accommodation.

3. CRUSTAL STRESSES AND MAGMA CHAMBERS

Stresses around magma chambers provide the mechanical means by which transport of magma to and from the chamber occurs, and determine the nature of deformation and failure of surrounding country rocks. Sufficiently high deviatoric stresses above lithostatic confinement (deviatoric stresses) will induce fracture and chamber rupture [Tait, et al., 1989], while isotropic magmatic stresses such as uniform loading may variously cause or suppress chamber rupture [Vigneresse and Tikoff, 1999]. Such mechanical considerations provide fundamental insight to magma chamber stability. Chamber stresses are also responsible for the dynamic evolution of magma chambers in the broader context of the entire volcanic system, and are strongly coupled to thermal, chemical and rheological processes within and around the chamber. 

Magma chamber stresses are generated internally by the pressurization or buoyancy of magma relative to the confining lithostatic stresses, through a variety of processes. Chamber over-pressurization, file_33.bin

, can occur through the injection of magma into the chamber [Parfitt, et al., 1993; Woods, 1995], the thermal expansion of magma in the chamber or the melting of country rocks [Bonafede, 1990], and the volume change upon crystallization of certain mineral phases [Fowler and Spera, 2008] following the thermodynamic relationship
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 are changes in the chamber volume and temperature. Both the magma compressibility file_37.bin

 (~10-11 Pa-1) and thermal expansivity file_38.bin

 (~10-5 K-1) depend on the major element composition and volatile content of the magma, as well as depth [Dobran, 2001; Rivalta and Segall, 2008]. Pressures may also accumulate due to the volume change during phase change (up to ~10 %). While the volume change during phase change generally varies depending on the mineral species and magmatic composition, generally the net effect is a pressure increases during melting and a pressure decreases during solidification [Dobran, 2001; Lange and Carmichael, 1990; Rushmer, 1995]. Melt buoyancy results from progressive crystallization of mineral phases from the melt [Marsh, 1996], which can progressively increase the density difference file_39.bin

 between magma and host rock. Such magma buoyancy may be important for long-distance dike transport in dikes [Roper and Lister, 2005; Rubin, 1995], and for caldera-forming eruptions [Gudmundsson, 1998; McLeod, 1999; Pinel and Jaupart, 2005]. Stresses may also accumulate as volatile species (primarily H20 and CO2) exsolve from the melt [Sparks, et al., 1977; Tait, et al., 1989]. Volatile exsolution may also lead to anisotropic stresses as bubbles (super-critical fluid at these depths) rise toward the chamber roof [Woods and Cardoso, 1997]. 

The build-up of internal stress due to magma addition or withdrawal, volatile exsolution and crystallization, depends on the chamber depth and solubility relationship, but generally can be described by [Woods and Huppert, 2003]
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 are magma volume flux into and out of the chamber, v is volume fraction of a volatile species, file_45.bin

 is the rate of magma crystallization, file_46.bin

el is the wall rock rigidity, and the gas is assumed to behave as an ideal gas. The subscripts refer to the different phase: gas, liquid, or crystal phases (file_47.bin

) in the chamber. 

Dynamic pressure evolution inside the magma chamber is of great interest, as it provides the source conditions for volcanic eruptions, and hence a proxy for their composition, duration and style. Woods and Huppert [2003] analyzed a generalized form of equation (15) for a chamber containing an evolved silicic component and an intruding mafic phase. They found that chamber pressure evolution is strongly affected by the release exsolution of volatiles, which increases the magma compressibility and therefore the volume and duration of eruptions from the chamber.

Of the sources of internal chamber stress mentioned above, accumulation of overpressure by the injection of melt is the most significant, followed by volatile exsolution and magma buoyancy, as argued in what follows. From equation (14), it is clear that melting of magma at depth to supply a magma chamber can in principle generate tremendous overpressures. The instantaneous melting of a 106 m3 body, for instance, or the injection of 106 m3 of magma into a 107 m3 reservoir generates ~ 1010 Pa of pressure. In comparison, pressures generated by exsolution of H20 volatiles may be 104 ~ -1106 Pa , exsolution of CO2 gives ~104 Pa for shallow felsic chambers with volatile concentrations typical of arc magmas [Folch and Marti, 1998], and maximum buoyancy stresses are on the order of 103-5 Pa (due to density differences between magma and host rock, (although this scales with chamber sizend the size of the chamber, e.g. [Dobran, 2001]). These are static stress changes, and do not account for compaction or viscous relaxation of stresses over time.
, although buoyancy-induced under-pressurization of the chamber can incur stresses of up to ~10 MPa during eruptions  [McLeod, 1999]. 

External stresses on magma chambers, occurring on both tectonic and eruptive timescales, are also important and likely influence chamber construction [Gudmundsson, 2006; Jellinek and DePaolo, 2003]. Tectonic processes provide a background stress field that may concentrate stresses on pre-existing chambers and affect the ascent of magma rising towards the chamber. Extensional regional stresses promote vertical magma transport, while whereas compressive stresses orient rising magma subvertically [Muller, et al., 2001]. This is quantified through the Anderson theory [Anderson, 1936] that posits that dike trajectories are perpendicular to the least compressive deviatoric principle stress at the dike tip. The total stress in the crust is given by: 
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, far-field externally imposed stresses file_52.bin

 (such as those due to tectonics), and stresses due to features internal to the transport system file_53.bin

 (such as propagating dikes, stresses due to the magma chamber pressure, edifice loading of the free surface, and structural heterogeneities). 

According to this theory, tectonic stresses influence the propagation of dikes around a magma chamber [Gudmundsson, 2006; Muller and Pollard, 1977]. However, Eexternal stresses may also come from other sources as well, such as loading by glaciers or volcanic edifices on the Earth’s surface [Hieronymus and Bercovici, 1999; Jellinek, et al., 2004], topography [McTigue and Mei, 1987], and from stress concentration due to structural heterogeneity such as pre-existing faults or material interfaces in the subsurface [Gaffney, et al., 2007; Kavanagh, et al., 2006; Vigneresse and Tikoff, 1999]. Because internal magma chamber stresses contribute to the total background stress in Eeq.uation 2.(178), dikes emanating from a magma chamber are strongly mechanically coupled to the exterior stress trajectories [Meriaux and Lister, 2002], and may be. Also, dikes rising below the chamber may be focused towards it from a broad region atas they rise from greater depths depth [Karlstrom et al., 2009in review]. Modeling stresses around magma chambers provides a means of predicting where chamber rupture, and hence volcanic eruption, is likely to occur [Muller and Pollard, 1977; Pinel and Jaupart, 2005]. Conversely, knowledge of chamber-induced stresses at depth provides a means to estimate the spatial extent of a particular volcanic system, and hence some idea of spacing between volcanoes based on their plumbing systems [Karlstrom, et al., 2009In Review; Muller, et al., 2001]. The influence of chamber stresses on dike generation and focusing at depth thus has important consequences for magma chamber stability in the volcanic system as a whole.

To illustrate the role of magma chamber stress we consider some typical idealized models. Because of the large viscosity contrast between magma and rocks at mid to shallow crustal depths, magma chambers are often commonly modeled as cavities in an elastic medium, solving the equations of Linear Elasticity [Fung, 1965]
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subject to overpressure and/or buoyancy boundary conditions [Anderson, 1936; Dieterich and Decker, 1975; Fialko, et al., 2001; Grosfils, 2007; Gudmundsson, 2006; McTigue, 1987; Mogi, 1958; Pinel and Jaupart, 2005].

In equation (19), d is the displacement vector, fb is the body force vector, and  is Poisson’s ration. Common aApplication of equation Eq. 2.(189) often commonly assumes that no body forces exist in the elastic medium, which neglects free surface effects [Grosfils, 2007]. Most studies consider static stresses only, with some exceptions [Bonafede, 1990; Dragoni and Magnanensi, 1989]. 

Many three dimensional boundary value problems in elasticity are far from trivial, so studies of magma chamber stresses, especially those that attempt to couple pure elasticity to heat transfer or fluid dynamics, tend to use very simplified chamber geometries and boundary conditions. It is of note, however, that a rich library of mathematical techniques for solving elasticity problems has been developed [Fung, 1965]. 

The simplest and most commonly used model for a magma chamber is a spherical liquid-filled inclusioninclusion in an infinite elastic medium. Displacements d and stresses thumbnail_3.bin

 for a pressurized and buoyant fluid-filled sphere of radius (Rd) are, in a spherical polar coordinate system file_55.bin

 [Fung, 1965],
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is magma overpressure relative to lithostatic pressure, and file_59.bin

 is the magma buoyancy and file_60.bin

 is Poisson’s ratio. For isotropic overpressure alone, normal stresses decrease away from the chamber as file_61.bin

, while for buoyancy alone stresses decrease as file_62.bin

. 

A spherical chamber in an infinite elastic medium approximates the qualitative aspects of static stresses, especially in the far field [Sartoris, et al., 1990], but does not resolve higher-order moments if the surface boundary conditions become important. In particular, deviations from spherical geometry result in concentration of stresses in regions of high curvature around the chamber [Dieterich and Decker, 1975; Gudmundsson, 2006]. Eshelby [1957] provides an analytic solution for stresses around a pressurized ellipsoidal inclusion in an infinite elastic medium that serves as a good example of such stress concentration. 
In this case, displacements at position (x) take the form
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and require an integration over the volume of the ellipsoid V.
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is the infinite space Green’s Function for equation (18) [Fung, 1965].  Hooke’s Law gives
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 is the elastic stiffness tensor, file_68.bin

 is the chamber overpressure, and file_69.bin

 is a shape tensor that depends on the aspect ratio of the ellipsoid, and contains elliptic integrals which must be evaluated numerically in the most general case [Eshelby, 1957]. From equation (22), stresses anywhere in the medium may be calculated through application of Hooke’s law. In fFigure 4, we illustrates the stress concentration due to curvature by taking the particular case of an oblate spheroid (a = b > c), an appropriate approximate geometry for a sill [Fialko, et al., 2001], and gradually flattening it (decreasing c). It is evident that deviatoric stresses are progressively concentrated toward the medial plane. Indeed, the limit file_70.bin

 is a ‘penny-shaped’ crack solution [Jaeger, et al., 2007], for which it can be shown that there is a file_71.bin

 singularity divergence ofin the normal stress at the edge of the ellipsoid. Other, more complicated chamber geometries have also been studied with numerical methods [Dieterich and Decker, 1975; Grosfils, 2007], but the qualitative features of solutions are the same.
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Figure 4. Illustration of the Sstress concentration due to curvature of an oblate spheroid from the Eshelby general solution (Equations 22 and 24[Eshelby 1957]). Curves are represent the magnitude of tensile deviatoric principle stress just outside the wall of a pressurized oblate spheroidal cavity in an infinite elastic medium, divided normalized by the deviatoric stress of a perfectly spherical chamber. Stresses plotted are compressive, and are oriented perpendicular to the wall of the chamber. It is evident that Pprogressive flattening of the spheroid (increasing the aspect ratio K = a/c) results in the concentration of deviatoric stresses in areas of high curvature. In the limit that file_74.bin

 this region near the medial plane of the ellipsspoid develops a stress singularity. 


Another case of interest to the evolution of the volcanic system occurs when the Eearth’s surface, a stress-free boundary, begins to affect concentration of stresses around magma chambers, as during caldera formation [Gudmundsson 1998]. This occurs for shallow (< 20 km depth) chambers [McTigue, 1987]. While a general solution for a pressurized sphere in an elastic half- space exists [Tsuchida and Nakahara, 1970], it is sufficiently complicated that approximations are often employed. The most widely used model for chamber stresses in a half- space is a point-source model [Mogi, 1958], which corrects the (overpressured only) stresses from equation (24) on the free surface, by adding equal and opposite tractions. This gives rise to surface displacements (in a cylindrical coordinate system (file_75.bin

) centered over a chamber chamber at depth l below the surface)
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that has been shown to beEquivalent to the first term in a power series expansion of stress boundary conditions around a pressurized spherical cavity, matching boundary conditions on the sphere and the free surface in alternating, higher order terms [McTigue, 1987]. Two dimensional solutions to this problem are algebraically more simple, and are given in the bipolar coordinate system by Jeffery [1921].

The presence of a free surface also has important consequences for the evolution of the volcanic system. Chamber stress concentration under a free surface is suggestive of ring fractures associated with caldera collapse [Gudmundsson, 1998; Pinel and Jaupart, 2005], and in the additional presence of edifice loading on the surface, deviatoric stress is concentrated inside the volcanic edifice [Pinel and Jaupart, 2005], consistent with common eruptive loci.  The presence of an edifice likely affects the spacing of volcanoes in oceanic environments [Hieronymus and Bercovici, 1999; ten Brink, 1991] and the compositional evolution of erupted lava [Pinel and Jaupart, 2005]. Two-dimensional models have been used extensively in this case, often based on the exact solution due to Jeffery (1925) for a pressurized cylindrical cavity in an elastic half-space [Pinel and Jaupart, 2005] (figure 5). These models are helpful for understanding qualitative aspects of free-surface effects, as shown in figure 5, which plots 2D normal and shear stresses around a large (2 km radius) cylindrical magma chamber 5 km below the surface. Dike trajectories that might initiate roof collapse and caldera formation are most evident in the shear stress (figure 5.d) 
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Figure 5. Stresses around a cylindrical chamber with radius of 2 km and overpressure of 10 MPa in a 12x12 km domain. Contour interval is 0.1 MPa and the interior of the chamber is shaded white for visualization. A) Infinite space solution. Hoop stress is equal and opposite in magnitude, and is not shown. B) Halfspace radial normal stress from the Jeffery 1925 solution. Normal and shear traction-free surface is at the top of the plot, and chamber depth is 5 km. C) Halfspace hoop stress from the Jeffery 1925 solution. D) Halfspace shear stress. 


Other boundary conditions are also of interest in a careful treatment of magma chamber stresses. Depth-dependent density is neglected in most elastic treatments of chamber stresses, yet this can be important [Grosfils, 2007]. Rheological change due to prolonged heating and partial melting of country rocks around a chamber is expected to produce a ‘shell’ of material that behaves viscoelastically, and the presence of this material strongly affects chamber stresses [Bonafede, et al., 1986; Dragoni and Magnanensi, 1989; Jellinek and DePaolo, 2003; Newman, et al., 2006b]. In particular, the presence of a viscoelastic shell provides a mechanism by which high magma chamber overpressures may be accommodated without large-scale chamber failure, and thus may explain how large, high melt- fraction chambers can grow in the first place [Jellinek and DePaolo, 2003]. Thermoelastic stresses due to the heating or cooling of magma have also been addressed, and exert stresses comparable to other sources [e.g., Bonafede 1990].

The fact that such varied boundary conditions affect the first-order mechanical evolution of magma chambers, both in theory and observation, is highly suggestive that chamber stresses are strongly coupled to the dynamic thermal and chemical evolution inside and around the chamber [Scandone, et al., 2007]. From a modeling point of view this requires coupling elastic, thermal and fluid dynamic equations, and thus often can only be done numericallyrequires numerical simulation [Gerya, et al., 2004]. 

4. MAGMA CHAMBER CONVECTION 

Convective motion in magma chambers helps determine the rate of differentiation of within magma chambers, sets the length-scale of compositional heterogeneities in these bodies, and redistributes melts with different physical properties, and in this waythus may be responsible for the triggering and stalling of eruptions [Snyder, 2000; Sparks, et al., 1977]. Injection and storage of magma at upper or middle crustal depth can lead to a large thermal disequilibrium between the host rocks and the magma body. This thermal disequilibrium drives buoyant motion through crystallization, gas exsolution, or thermal expansion of the magma. 

As magmatic systems cool below their liquidus temperatures, generally denser crystals generally form at the cooling boundaries and can be carried by gravitational instabilities from the roof into the bulk of the convecting body where they will remain in suspension or settle downwards [Bergantz and Ni, 1999; Martin and Nokes, 1989; Sparks and Huppert, 1984] (e.g. figure 6). The presence of this secondary phase can have a veryan important effect on the convection style, even at low crystal fraction (< 10 vol. %) [Koyaguchi, et al., 1990; Koyaguchi, et al., 1993; Martin and Nokes, 1989; Sparks, et al., 1993]. At higher crystal fractions (closer to the solidus), long range (1/r) interactions between crystals will start to play a dominant role in the rheology of the mixture, as demonstrated by hindered settling and even the onset of yield strength beyond the percolation threshold, i.e. when crystals form a rigid connected framework  [Caricchi, et al., 2007; Champallier, et al., 2008; Saar and Manga, 2002; Vigneresse, et al., 1996]. 

Magmas also have contain dissolved, and often commonly exsolved, volatile phases, mostly H2O, CO2 and SO2. The fractions and relative importance of these phases depends on the tectonic setting from which the magma originates. As a consequence of crystallization and cooling of the magma, saturation conditions change and the exsolved volatile volume fractions increases. This additional phase provides a new source of buoyancy and affects both the flow dynamics and the rheology of the mixture [Eichelberger, 1980; Huppert, et al., 1982; Longo, et al., 2006; Ruprecht, et al., 2008; Rust and Manga, 2002].

When a magma with different physical properties is injected into the chamber or when the residing magma undergoes differentiation by convective fractionation [Sparks and Huppert, 1984], this may introduce induce large variations in transport coefficients (e.g., viscosity) and density. The amount of mixing or unmixing segregation between different magmas depends on the injection rate, the buoyancy of the injected magma and the viscosity ratio [Jellinek and Kerr, 1999; Koyaguchi and Blake, 1991; Turner and Campbell, 1986]. The presence of multiple sources of buoyancy, such as the temperature and compositional differences between the magma batches, can lead to a rich set of fluid dynamical instabilities [Chen and Turner, 1980; Sparks and Huppert, 1984; Turner and Campbell, 1986]. 
4.1 Rayleigh-Bénard convection

Before addressing the complex dynamics of magma bodies or even their simpler laboratory analogs, we review Rayleigh-Bénard convection (Bénard,1900; Rayleigh, 1916). Rayleigh-Bénard convection occurs in a fluid of constant thermal properties heated from the base and cooled from above.  The set of equations describing the problem consists of mass, momentum and energy conservation. We use the Boussinesq approximation, where the density of the fluid is assumed to vary linearly with temperature for the buoyancy force term and is assumed constant everywhere else. Mass conservation readsis given by
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where  is the fluid density and u its velocity. Assuming the fluid is incompressible, the mass conservation reduces to
thumbnail_4.bin
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Momentum conservation for a Newtonian fluid leads tois given by
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where  is the reference density for the fluid, P is the pressure,  is the kinematic viscosity of the fluid (=/0) and the last term represents thermal buoyancy such that
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 is the coefficient of thermal expansion (which ~ 10-5 K-1 in most geological materials)), T0 is the reference temperature corresponding to a density 0 and g is the acceleration due to gravity.  Finally, when neglecting viscous dissipation effects, the energy conservation equation becomes (modified from equation 7 for the absence of phase transitions)

file_83.bin


(2930)

where T is the temperature and  the thermal diffusivity. Introducing the length scale (H) as the distance between the lower hot plate and the upper cold plate, the diffusion timescale H2/, and the temperature scale T=Thot-Tcold as the temperature difference between the two plates, these equations may be nondimensionalized to
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where the superscript (*) represents a dimensionless variable. This convection problem has two independent dimensionless numbers, the Prandtl number Pr=which is the ratio of momentum to thermal diffusivities, and the Rayleigh number Ra=gTH3/ which is the ratio of the diffusion time scale over the advection time scale for heat transfer. (.) Above a critical value of about Racr ~ 1000, thermal boundary layers become unstable and the fluid starts to convect.

Any two systems sharing the same geometry and dimensionless numbers Ra and Pr will be dynamically similar. This is commonly known as the principle of similitude and is the basis for justifying the study of scaled laboratory experiments [Burgisser, et al., 2005]. It is important to note, however, that in the context of Rayleigh-Bénard convection, only two independent dimensionless numbers are required to fully describe the single-phase dynamics.  As more complexity is introduced to the model, the number of dimensionless numbers parameters required to ensure dynamic similitude between laboratory experiments and natural systems increases substantially.
2.4.3 Multiphase convection
4.2 Temperature and composition dependent viscosity

To illustrate the difficulty of scaling laboratory experiments to realistic magma dynamics, we now consider the same problem but with temperature-dependent fluid viscosity.  This type of convection is commonly referred to as stagnant-lid convection and has been studied experimentally and numerically by [Davaille and Jaupart, 1993; 1994; Solomatov and Moresi, 2000]. It is first important to note that Pr and Ra no longer completely describe the dynamics, because both will vary within the convective body. As an example, we can write the dynamic viscosity  as the product of a reference viscosity 0 and a dimensionless function of temperature fT(T).
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A natural choice for fT(T) is then
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a new dimensionless number that, combined with Pr and Ra calculated at the reference viscosity value 0, completes the dynamical description of this system. fT scales the isoviscous definitions of Ra and Pr and characterizes the range of variation expected from spatially variable viscosity. Similarly, we can add to the system of equations an advection-diffusion equation for chemical species C
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where Sc=/D is the Schmidt number and D is the chemical diffusivity of C. If we further assume that C affects the viscosity in a similar way as temperature (for instance, C could represent the SiO2 content), a new independent dimensionless number fC is required to ensure similarity
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Where C=C-C0 and C0 is a reference concentration. If the compositional differences are enough to affect the density of the melt, an additional buoyancy term needs to be introduced into the momentum equation (32). The buoyancy force becomes then
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with 0 being now the density of the fluid at temperature T0 and for a concentration C=C0 and c is the coefficient of expansion relative to compositional changes. As before, this buoyancy contribution introduces a new independent dimensionless number which can be expressed either as a compositional Rayleigh number or as a buoyancy ratio, B=cC/  T. For full similitude between experiments and this relatively simple magmatic model, the viscosity ratio (equivalent to fC), the buoyancy ratio, a reference Rayleigh number, a reference Prandtl number and a Schmidt number must be matched.

Compositional variation within a magma can reflect in situ differentiation processes such as crystal fractionation from the chamber walls [Hildreth, 1981; McBirney, 1980; McBirney, et al., 1985; Sparks and Huppert, 1984] or inefficient mixing between two different magmas [Eichelberger, et al., 2000]. When a fluid is stratified both thermally and compositionally, such as when a heated dense fluid underlies a colder, less dense fluid, competition between the stabilizing agent (here the compositional stratification) and the destabilizing agent (thermal stratification) strongly affects the dynamics. In particular, double-diffusive convection with little mixing between the two different layers will develop if thermal and compositional effects are of similar magnitude, as thermal diffusivity is in general several orders faster than chemical diffusivities [Chen and Turner, 1980; Sparks and Huppert, 1984; Turner and Campbell, 1986]. 

However, buoyancy effects due to composition and temperature are rarely of similar magnitude owing to the small value of the thermal expansion coefficient, and the very high viscosity in silicic magmas usually prevents spatially well-defined decoupled convection. Turner and Campbell [1986] investigated this mode of convection and the resulting mixing experimentally for various viscosity ratios, magma chamber geometries and injection rates of the different fluids. They found that a dense, hotter magma injected at the base of a more viscous lighter magma incurs sparse mixing and requires unrealistically high injection rates to produce a fountain of mafic magma with little entrainment with the host magma. However, Huppert et al.[1980; 1982] showed that crystallization of an ultrabasic magma (MgO > 10 wt %) ponding at the base of a basaltic hot magma produces a residual melt that can become lighter than the overlying basalt, inducing overturn. For more silicic host magmas, a mafic intrusion is believed to take a more passive role and merely supply heat to the host magma with limited mixing [Couch, et al., 2001; Koyaguchi and Blake, 1991].

4.3 Multiphase convection 
The largest source of internal buoyancy in magma chambers comes from discrete phases The largest source of internal buoyancy in magma chambers comes from discrete phases such as crystals and bubbles. These phases may move with different velocities than the surrounding magma, and exert drag forces on the magmatic fluid. Although many  magmatic problems can be approximated as a single fluid phase with modified properties due to crystallinity, others require a more detailed treatment. For instance, the gathering and dispersal of discrete phases has important implications for the chemical diversity that is preserved in bulk composition and on the micro-scale in phenocryst zoning [Castro and de la Rosa, 1994; Hibbard, 1981; Speer, et al., 1989; Wallace and Bergantz, 2005].

Crystal-driven convection has mostly been mostly studied experimentally at low crystal fraction (below a few volume percent) where the complexity introduced by crystal-crystal interactions can often be neglected. Most crystalline phases will follow convective motion of the magma closely, except in very low viscosity magma [Koyaguchi, et al., 1993; Martin and Nokes, 1989; Sparks, et al., 1993]. Some particles can, however, still be removed from the flow where when magma stagnates and crystals reside for an extended period of time. Martin and Nokes (1989) described this process with an exponential relationship assuming that in the bulk of the chamber, the crystals were well-mixed and only in the bottom boundary layer are crystals detraineddo crystals decouple from the flow. This behavior also explains the results of Koyaguchi et al. (1993), who described periodicity between three regimes: (1) clarified chamber where crystals are deposited at the bottom, (2) well-defined layers (crystal-poor overlying crystal-rich) , and (3) whole-chambersale overturn that mixes both layers. When the particle fraction reaches about 1 wt %, the fluid does not overturn. These experiments were conducted in low low-viscosity fluids such as aqueous solutions and glycerine, but the authors showed that as the viscosity of the fluid increases, the three different regimes are moved to slightly higher particle concentrations. This results from the fact that settling velocities have a stronger viscosity dependence (~ -1) than time-averaged convective velocities (~ -1/9) [Sparks and Huppert, 1984].

At shallow depths (upper few kilometers of the crust), volatile phaseswater can exsolve from the melt and can form a dispersed bubble phase. The exsolution of volatiles has a very important effectstrongly affects on the fluid dynamics of magma chambers, generally resulting in a large buoyancy contrasts within the melt [Huppert, et al., 1982; Phillips and Woods, 2002]. Volatiles can affect the viscosity of the mixture [Rust and Manga, 2002] , and can also advect heat efficiently [Bachmann and Bergantz, 2006]. The role of exsolved volatiles has been investigated for triggering eruptions [Fowler and Spera, 2008; Huppert and Woods, 2002; Snyder, 2000]  and for increasing the buoyancy of an unsegregated melt-bubble mixture  [Bergantz and Breidenthal, 2001; Ruprecht, et al., 2008]. 

A particular example of some of these effects is magma chamber recharge, where a mafic magma is injected at the base of a chamber filled with a more silicic magma [Eichelberger, 1980; Huppert, et al., 1982]. As the mafic intrusion cools at shallow depths, it partially crystallizes and exsolves bubbles (mostly H2O and CO2 LU Leif karlstrom User  CO2 exsolves much deeper – 30-40 km ). If enough bubbles exsolve and remain in suspension, this situation can lead to an unstable density stratification where the underplating magma becomes lighter than the host, causing overturn of the layer [Bergantz and Breidenthal, 2001; Huppert, et al., 1982; Ruprecht, et al., 2008]. Conversely, if bubbles can separate from an underplating mafic melt, they will pond at density interfaces to form an unstable foam layer from which volatile-rich plumes originate and ascend through the less less-dense magma. This alternative process leads to (limited) mixing [Bergantz and Breidenthal, 2001; Eichelberger, 1980]. 

One approach in analyzing the motion of disperse phases, such as crystals and bubbles in magma, is to examine the path of individual crystals as well as the velocity field of the magma. This approach, termed Eulerian-Lagrangian (here Eulerian refers to the continuous quantity, magma, and Lagrangian refers to the discrete quantity, crystals) is usually favored for dilute conditions when the coupling between the magma and crystal is essentially one-way (i.e. the magma imparts inertia and relative velocity to the crystals, but is not affected by drag due to the crystals).

The general fluid equations in this formulation are similar to those expressed in section 4.1. The Lagrangian equation of motion for a small, spherical particle in an unsteady flow at low particle Reynolds number is [Maxey and Riley, 1983]
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We define the particle Reynolds number as 
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where file_94.bin

is the discrete phase radius and file_95.bin

is the dynamic viscosity. The discrete phase velocity as V and the velocity of the fluid at the discrete phase’s position is u. Subscripts d and m refer to discrete phase (bubble or crystal) and magma, respectively. The time increment, file_96.bin

, is a small perturbation from the start of fluid acceleration to the present time, t, used to calculate the Basset history term of equation (39) and Y(t) is the position of the discrete phase. 
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terms account for flow velocity curvature (the so-called Faxen terms).  The virtual mass and Basset history terms account for unsteady flow field and resulting accelerations of the discrete phase.  Virtual mass is essentially the form drag induced by the fluid due to the acceleration of the discrete phase.  The Basset history term accounts for the shear forces the discrete phase encounters as it accelerates [Crowe, et al., 1998].

When the mass of the discrete phase is much different than the fluid, equation (39) simplifies greatly with the fluid acceleration terms becoming negligible. However, magma and crystals do not always have sufficient density differences to make this assumption strictly robust. In practice, the acceleration of the fluid in viscous magma chambers is low so the drag and gravity terms are of greater magnitude than local fluid accelerations.

A simplified equation of motion for a discrete phase (whether bubble or crystal) is therefore
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The acceleration of the discrete phase in equation (41) is governed primarily by the Stokes drag induced by the differential velocities of the fluid and the particle along with a Faxen correction for flow curvature, as well as the body force of gravity. Flow curvature effects are often neglected; removing this term and normalizing by a characteristic fluid velocity, file_99.bin
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results in the following dimensionless equation
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Here the Stokes number (St) is defined as a ratio of the characteristic timescale of the fluid divided by the characteristic timescale of the discrete phase
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so that
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The densimetric Froude number appears in the gravitational acceleration term and is defined as
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(The velocity and timescale in the denominator define a characteristic length.) Again, it must be stressed that this is for the Stokes flow regime, and corrections such as the Oseen’s correction [Eaton and Fessler, 1994] can be used to extend this formulation to greater particle Reynolds numbers. 

Small Stokes number discrete phases respond quickly to differential fluid-particle velocity, and the drag force in equation (42) keeps the discrete phase well coupled to the fluid motion [Raju and Meiburg, 1995]. The slow response time, relative to the fluid timescale, of high Stokes number bubbles or crystals means that drag values are not sufficient to keep the discrete phase completely coupled to the fluid motion and these discrete phases with inertia can ‘detrain’ from the fluid flow. Many of the results of experiments with crystal and bubble-driven convection can be explained by the Stokes number scaling in equation (42), although achieving similarity with laboratory experiments and viscous silicic magma chambers has proven to be a challenge [Burgisser, et al., 2005]. 

Lagrangian analysis is especially useful in the analysis of the trajectory of individual particles and can be used to better understand the fluid volumes through which these particles have passed. However, the large numbers of individual particles in magmatic systems makes this approach computationally unattractive. In the case of numerical simulations, Lagrangian analysis has proved useful at recording the local environment (pressure, temperature, composition) through which a particle traverses [Ruprecht, et al., 2008]. This information can then be used, along with a knowledge of solid solution thermodynamics, to create proxies for crystal zoning profiles. This makes this technique particularly amenable to comparison with numerous geochemical zoning studies that have been conducted over the last two decades [Ruprecht, et al., 2008; Wallace and Bergantz, 2005].

However, Lagrangian analysis typically has the drawback that calculating the forces exerted by the particle on fluid is difficult, especially for the large number of individual discrete particles that occur in magmatic systems. This is a serious limitation as the presence of discrete phase exerts a first order control on magma dynamics during buoyancy-driven instabilities. An alternative to this approach, but that still preserves the ability to compute phase relative motion, is to treat the discrete phase as an effective continuum, or Eulerian phase. In this approach bubbles or crystals of the same diameter and density are averaged into a fluid and are represented locally by a volume fraction. In the averaging process, details of particle trajectories and histories are lost, but two-way interaction between the particles and magma can be computed for realistic volume fractions of discrete particles. 

This approach is often referred to as Eulerian-Eulerian, multi-fluid, or multi-continuum. Each continua (magma, crystals, bubbles) is represented by a conservation equation for mass, momentum and thermal energy, along with constitutive relations that describe the density, rheology and thermal properties of these continua. The set of equations is coupled through equal and opposite drag terms and terms for the transfer of thermal energy. 
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The k subscript refers to specific phases (magma, crystals or bubbles) and each phase is described by separate sets of equations. The first equation, (46), specifies that at any one location the sum of volume fraction must equal 1. Equation (47) is the dimensionless conservation of mass equation, equation (48) gives the dimensionless momentum balance and equation (49) is the conservation equation or thermal energy. These equations have been made dimensionless by using a reference density (file_109.bin

), temperature (T0), time (file_110.bin

), pressure (P0) and length-scale (L0). The Rk terms are mass exchange rates associated with phase change and exsolution. For instance, during exsolution the Rk value for the gas phase would be positive and have an equal, but opposite complementary term in the magma phase conservation of mass equation. The Rk terms also appear in the conservation of momentum equations (equation 48). For solidification and crystallization this term takes on the form:
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Where ft and ft-1are the melt fraction at two times separated by a file_112.bin

timespan.  
The subscripts i and j denote spatial directions, and d refers to a discrete phase (bubbles or crystals). The dimensionless variables in these equations include the Reynolds number (Re), Peclet number (Pe), Stokes number (St), the thermal Stokes number (ThSt), Stefan number (Ste), and densimetric Froude number (Frd). Further information on these dimensionless quantities can be found in Table 2. 

In equation (48), momentum transfer between a discrete phase and the continuous magma phase is described by the Stokes number (St), a ratio of the response time of the discrete particle to fluid motion perturbations to the characteristic flow timescale as described in equation (44). The Reynolds number (Re) is a measure of the inertial forces relative to the viscous forces. The densimetric Froude number (Frd) compares the mean phase velocity to the buoyancy driving force of a layer as given in Table 3. In the energy conservation equation (49) the Peclet number gives the ratio of convective to conductive heat transfer  (equation 10) and the thermal Stokes number StTh ratios the timescale of transfer of thermal energy from a discrete phase to a continuous phase relative to the flow timescale.

We illustrate this approach with an example of a crystal-driven instability in a magma composed of a melt and a denser crystal phase. We assume that this basaltic chamber was intruded at its liquidus at a size of 400 m by 100 m, and has formed a 10 m thick layer of crystals (10% crystals by volume) at the top of the chamber due to cooling. The crystal-rich layer is denser than the magma (file_113.bin

=300 kg/m3) and creates a density instability with dripping crystal plumes as demonstrated earlier by Bergantz [1999].  Further information about the details of this approach, constitutive relations, and numerics can be found in [Dufek and Bergantz, 2007; Dufek and Bergantz, 2005b; Ruprecht, et al., 2008].
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Figure 6. Crystal-driven density instability. Crystals from the top margin drive fluid instabilities and mix the melt during their decent as plumes. The two panels show the evolution of the density difference as the drips proceed to descend with time.  

We see from this example that density instabilities drive stirring in the entire chamber. This example also illustrates the value of this approach in predicting the spatial and temporal patterns of large-scale heterogeneity. 
Combining the Eulerian-Eulerian and Eulerian-Lagrangian approach (sometimes referred to as Eulerian-Eulerian-Lagrangian) can be useful when trying to analyze the driving force of buoyancy instabilities from discrete phases while also calculating the trajectory and history of a subset of the crystals or bubbles.

2.4.5 Convection and Mixing

Mixing is a result of the stretching and twisting of flow paths by shear and normal strains integrated over time, and is important in determining compositional heterogeneity (or lack thereof) in magma chambers. For simplicity we will focus on mixing of a single single-phase magma, . however However, the concepts introduced here can be applied to more complex systems. Ottino et al.[1979] formally described how fluid motion at low Reynolds number leads to chaotic mixing. For large wavelength heterogeneities, the stretching induced by shear strain (file_116.bin

 ) dominates, and leads to a deformation proportional to file_117.bin

[Olson, et al., 1984; 1979]. Once the heterogeneities have been reduced to smaller sizes, normal strain accounts for the majority of the deformation, which becomes proportional to exp (-2file_118.bin

). Following Coltice and Schmaltzl [2006], for steady-state convection, we relate the stirring time to the strain rate
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where H2/D is the diffusion timescale of interest in the mixing process. The dependence of the average strain-rate on the Rayleigh number follows [Coltice and Schmalzl, 2006]:
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According to this relationship, spatial fluctuations of the velocity field (RMS root-mean-square velocity) in the convecting chamber are given by
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From boundary-layer theory, 
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and consequently,
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where the subscript BL refers to values in the boundary layer. 

Convection in magma chambers is, however, strongly time-dependent, and as cooling proceeds the mechanical properties of the mixture vary strongly because of temperature changes and the presence of crystal phases and temperature changes. The various dimensionless numbers in section 4 (and Table Appendix A3) do not take into account for this temporal evolution, and are therefore of limited use to characterize the integrated effects of mixing. One measure of cumulative mixing in unsteady convection (Ra=Ra(t)) is the number of overturns experienced by the fluid [Huber, et al., in2009 Review]. The product of the stirring time (equation 51) and the strain-rate (equation 52) gives an estimate of the total strain experienced by the fluid to reach a point where molecular diffusion takes over to further homogenize the system. This quantity is largely invariant with respect to Ra (figure Figure 2.7b), and therefore independent of the dynamical history of the fluid [Huber et al., in2009 review]. This offers a convenient alternative to quantify the mixing efficiency of a convective fluid subjected to temporal changes. Newly created heterogeneities require about 5 five overturns to be efficiently mixed, resulting in a rough agreement with the single overturn dispersal effect on crystal observed by Ruprecht et al. [2008]. 
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Figure 7.  (a). Stirring time from equation Eq. 2.51. (b) Comparison of the total number of overturns to reachrequired to achieve a well-stirred chamber obtained from the two correlations cited in the text [Huber et al., in2009 review].


For convection to occur in a magmatic system, the volume fraction of crystals in the magma must be below the rigid percolation threshold,i.e. where the crystallinity does not prevent convective motions of the magma [Vigneresse, et al., 1996]. There is extensive evidence that magmatic systems spend most of their suprasolidus time at high crystallinity (>50%) [Koyaguchi and Kaneko, 1999; Marsh, 1981], and that large silicic systems such as Long Valley caldera and the Fish Canyon magma body can stay above their solidi for extended periods of time (> 105 years) owing to injections of new magma [Bachmann, et al., 2007b; Christensen and DePaolo, 1993; Reid, et al., 1997]. Magmatic systems with phase diagrams such thatin which the bulk of the crystallization occurs in a narrow temperature range close to the solidus experience strong thermal buffering by latent heat close to their solidus,heat, thus prolonging their residence time [Huber et al., in review LU Leif karlstrom User  Out now ; [Bergantz, 1990].

As an example, we consider the closed-system thermal evolution of a convecting magma body cooling through host rocks, with a power law melt fraction-temperature relationship 
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Here Tsol and Tliq are the temperatures of the magma solidus and liquidus, and b is an exponent that measures the temperature range over which a majority of crystallization occurs (figure 8). The melting of different mineral phases can result in more complex melting relations (figure 8) due to incongruent melting, removal of phases, and solid solution variations.
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Figure 8 The functional parametrization of eutectic melt fraction-temperature relationships. As the exponent b (equation 56) approaches zero, most of the crystallization occurs over a narrower range of temperatures and will asymptotically approach a step function for b=0. The melt fraction temperature curve calculated with MELTS [Ghiorso and Sack, 1995] for the whole composition of the Pagosa Peak Dacite (Fish Canyon magma body) from Bachmann et al. (2002) is shown for reference.

For crystal volume fraction < 45 %, the thermal evolution of the magma body is assumed to be controlled by a balance between the heat flux out of the magma body (conduction) and the convective plus latent heat released by the cooling magma. Above 45 % crystals, the thermal energy balance is assumed to be controlled by heat conduction and latent heat released by crystallization. Calculations (figure 9) show that the cooling time and history of a magmatic system depends strongly on the phase diagram (here the exponent b). For exponents b close to 0, the system is strongly buffered at near eutectic conditions for most of its suprasolidus life.

Above the rigid percolation threshold [Vigneresse, et al., 1996], the dynamics of the mush-interstitial melt system are sufficiently slow that creeping of the mush under its own weight becomes important. McKenzie [1984] formalized a description of this slow compaction regime, where the mush is described as a very viscous fluid that upon compaction is able to expel the interstitial melt. Although this process is slow, Bachmann[2004] showed that this late-stage differentiation mechanism can explain the formation of crystal-poor rhyolitic caps on top of dacitic mushes, owing to the protracted history of these crystal mushes. 
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Figure 9. a-c-e Histograms of the time spent by a magma chamber cooling as a closed system at different averaged crystallinities for a range of exponent b. Details of the numerical method and calculations may be found in Huber et al. 2008. b-d-f Histograms of the time spent by the magma chamber at different averaged temperatures for the same three melt fraction-temperature exponents. Taken from Huber et al. 2008, in review.



4.6 Future Directions

The growth and evolution of magma chambers is dependent on a range of processes from long-range tectonic stresses to the heat and mass transfer driven by multiphase convection. Because the evolution of a magmatic system takes place over timescales that range over 10 orders of magnitude, from minutes (volcanic eruptions) to hundreds of thousands of years (large chamber residence times), the multi-scale nature of magma transport cannot be overemphasized.  Much of the work in studying the dynamics of magma chambers has shown that almost all of these processes are coupled at some level, even if traditionally they have been examined by different subdisciplines. One of the likely future directions in the study of magma chamber dynamics will be in improving our understanding of these different levels of coupling. For instance, as magma chambers alter the surrounding stress state of the crust, they can potentially influence the flux of magma (and enthalpy) to the chamber thus prolonging its lifetime and providing new sources for compositional heterogeneity. 

Further work on the relative motion of discrete phases, and in particular the transport of volatiles, is needed to better understand the role of volatiles. In addition to their role in dynamics as a source of buoyancy, volatiles and the relative concentration of H20 versus CO2 also affect the phase assemblage and stability of magmas. Coupling between exsolution of volatiles and crystallization can have a significant impact on the rheology of magmas and the phase separation between the different phases. Crystallization as well as rheological experiments on mixtures containing both crystals and bubbles will be important to constrain these effects in dynamic calculations.

Many fundamental aspects of magma transport physics are still poorly constrained. For example, the processes of magma chamber formation are still not well defined in space or time, and have not yet been actively observed. Similarly, the mechanisms by which a magma chamber is tapped are largely unknown. Dike propagation might dominate transport away from a magma chamber, but “leaking” and anelastic processes, such as sub-critical crack propagation [Chen and Jin, 2006] or channel flow through matrix compaction [Spiegelman and Kenyon, 1992] may be important. The formation of dikes from magma chambers, and the subsequent mechanical coupling between chambers and volcanic eruptions is still a largely outstanding problem. 

The vastly different scales involved in magmatic problems also challenges our ability to describe these coupled systems numerically, even with foreseeable advances in computing power. Coupling between different types of modeling and development of subgrid models, or models of small-scale phenomena, will likely be necessary to span much of the behavior exhibited by natural systems. With the on-going improvement of algorithm design, analytical and numerical methods, one of the most significant improvements in recent years has been to generate models that can be compared and tested against the diversity of observations provided by other techniques. One example of this is examining the path of crystals using a Lagrangian framework and then comparing populations of crystals with those observed using microanalytical geochemical techniques. Another example is the application of multiphysics models, combined with high resolution isotopic work, structural geology and geochronology of well-exposed field sites. Models of chamber dynamics developed with these concrete applications in mind will be of more use to the broader earth science community, as the dynamics inferred from modeling can be ground-truthed in the field. Coupling between thermal, rheological and stress modeling will also be helpful in interpreting both seismic and geodetic observations. Further advances in the study of magma chambers will likely continue to follow this course and take advantage of the rich and multidisciplinary observations on a range of scales. 
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Table 1: Magma Intrusion Modeling
Study
Model
Type1
Intr. Style3
Total Intr.4 
(km)
Tinit (C)	
Rock Type2
Tmelt-
Tsolid
(C)
E (%)
Younker and Vogel, 1976
1-D Cond. No bottom heat loss
Single Intrusion
2.0
500
Basalt
Biotite-Granite
L:1200, S:1100
L:1100, S:800	
32
Wells, 1980
1-D, Cond.
Over-Accretion
Multiple Intrusion
40.0
200
Tonalite
L:1050, S:800
8
Huppert and Sparks, 1988
1-D, Param. Convection, No bottom heat loss
Single Intrusion
0.5
500
Basalt
Grano-diorite
L:1200, S:1091
L:1000, S:850

44
Bergantz, 1989
1-D, Cond.
No bottom heat loss
Single Intrusion
16.6
700
Basalt
Pelite
L:1250, S: 980
L:1200, S: 725
38
Bittner and Schmeling, 1995
2-D, Convection
Single Intrusion
5.0
756
Basalt
Granite
L:1100, S: 950
L:1050, S:760
NA
Barboza and Bergantz, 1996
2-D, Convection
Fixed Temp. bottom boundary
NA
600
Pelite
L:1200, S:750
NA
Raia and Spera, 1997
2-D,
Convection
Fixed Temp. bottom boundary
NA
1195
(CaAl2Si2O8- CaMgSi2O6)
L:1547, S:1277
NA
Pedersen et al. 1988
1-D, Cond.
Over-Accretion
Multiple intrusion
10.0
650
Basalt
Grano-Diorite
L:1250, S:1100
L:1000, S:710
5
Petford and Gallagher, 2001
1-D, Cond.,
Over-Accretion
Multiple intrusion
1.0
650
Basalt
Amphibolite
L:1250, S:1050
L:1075, S:1010	
4
Annen and Sparks, 2002
1-D, Cond,
Over-Accretion
Multiple intrusion
8.0
Variable, Based on Depth (600)
Basalt
Amphibolite
L:1300, S:620
L:1075, S:1010	
8
Dufek and Bergantz, 2005
2-D, Cond. And Convection,
Stochastic
Multiple intrusion
Variable
(5.0)
Variable, Based on Depth
(640)
Basalt
Amphibolite
Pressure Dependent
L:1240, S:640
L: 1100,S:850

0.5-10.4
(7.1)
 Dimension, heat-conduction or convection.
2 Intruded magma listed first, then country-rock.
3 Intruding magma, physical configuration of intrusion (sill, etc.) or specified temperature boundary condition.
4 Integrated melt volume/basal area, or for 1-D models integrated melt height
5 Parentheses indicate specific example

Modified from Dufek and Bergantz [2005]


Table 2: Nomenclature (note some overlap between sections)

Thermal-energy
Symbol
Description
Units (SI)

B
Melt fraction-temperature exponent
-

cp
Heat capacity
J/kg K
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Efficiency of melting
-

f(T)
Melt fraction-temperature function
-

H
Heat transfer coefficient
W/K

HT
Enthalpy
J

K
Thermal conductivity
W/K m

L
Latent heat of fusion 
J/kg

Tsol
Solidus temperature
K

Tliq
Liquidus temperature
K
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Volume of melt predicted in thermal model
m3
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Volume of melt using completely efficient transfer of enthalpy
m3


Thermal expansion coefficient
1/K


Permeability
m2


Thermal boundary layer thickness
M


Crystallinity (1-f)
-

	
Thermal diffusivity
m2/s
Elastic
d
Displacement vector
M
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Rate of crystallization
kg/s

P, P
Pressure and overpressure in magma chamber
Pa

V, V
Volume and volume change 
 m3

v
Volume fraction of volatiles
-


Compressibility
Pa-1

el
Rigidity
Pa-1


Poisson ratio
-

E
Young’s Modulus
Pa

Rd
Chamber radius
m


Magma density
kg/m3

Q
Melt flux
m3/s
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Stress Tensor
Pa
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Strain Tensor
-
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Shape Tensor
-
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Elastic Stiffness Tensor
Pa
Fluid dynamics
C
Concentration
moles/m3

D
Generic diffusivity
m2/s
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Unit vector in the direction of gravity
-

fb
Body force
kg/m2 s2

G
Acceleration due to gravity
m/s2

H
Thickness of convective layer
M

P
Pressure
Pa

T
Temperature
K

U
Velocity field
m/s

kR
Mass production rate of phase k
kg/m3 s

c
Expansion relative to composition change
m3/moles
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Magnitude of strain-rate tensor
1/s

i
Volume fraction of phase i
-


Dynamic viscosity
Pa s


Kinematic viscosity =
m2/s

ij
Viscous part of the stress tensor
Pa

m
Stirring time
S





Table 3: Summary of Relevant Dimensionless Numbers

Dimensionless Number
Description
Remarks
Relationships
Rayleigh
Ra=gTH3/
diffusion over advection time scales
Ra > Racr required for convection. As Ra  increases,  more time-dependent.

Peclet
Pe=u d/
advection over diffusion
Relative size of advective over diffusive transport of passive scalar

Prandtl
Pr=/
momentum over thermal diffusivities
relative size of thermal and momentum boundary layers
Pr=Pe Re-1
Reynolds
Re=u d/
inertia over viscous forces

Re ~ Pr-1Ra2/3 
Densimetric Froude
Frd=file_143.bin


Inertia over buoyancy forces
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Nusselt
Nu=Qtot/Qcond
heat transfer normalized by conduction
In general Nu ~ Ra~1/3
Nu ~ Ra~1/3
Biot
Bi=h/k
Thermal resistance of magma chamber versus host rocks
Bi << 1 in real magmatic settings

Stokes
St=p/f
ratio of particle over fluid time scales
St  << 1 particles follow passively the fluid, St > 1 settling is important.

Stefan
Ste=cp T/L
Sensible over latent heat
large Ste represents phase transition that does not cost or release too much energy

Schmidt
Sc= /D
momentum over mass diffusivities
relative size of compositional and momentum boundary layers

B=C/T
compositional over thermal buoyancy
B ~ 1 and Pr/Sc  ≠ 1 promotes double diffusive convection

fT =-T (d/dT/)
 range due to temperature dependence
large values of fT implies small T for active boundary layers

fC = C | d/dC/0 | 
 range due to compositional dependence
large values of fC implies small C for active boundary layers
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